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∗ BDC 3FE7G:<H<5I3KJ36LD3AM † BDN MPOQL<RD36:<;(ST36U<VW;X58M ‡
YZ\[]_^`acbFde]f\gihkjldnmQo0^jmqprjldn]_disthujtdemqo
v ^stwFsxjt[8]_^8symQ]_p\gn^zr^8s
{W|tmq}~^j1Thkzrp\gefs
hup\p6mq|tj v ^,|t^Iy%Z\^|%y%Z\^o6rIqac\^8\|tfAhu|lwuqq`a.pAhuq^Is
8k\qq. ^ymqostd v ^|1h_]hkjl|tdnz	p6^oAydegZ\mXsx^,ymF^ydn^8oXjls v ^8pA^8o v mqoTh_p6mQstdnjtdeq^,phq|lhq]^jt^8|
ε  huo v ZhPQ^hqstwX]_prjlmujldey^IQfdnkhuge^oXj%s1mu jtZ^ ¡mq|l] aεA Z\^o ε qmF^8sjlm£¢^8|tm  Z\^8|t^jlZ\^ge^8h v dnoymF^£yde^oXj
a
dis£ymQ]pgn^z  huo v jtZ\^>ge^8h v deo\¤^zrpAmQo\^oXj A dis_|t^Ihug¦¥  ^TsxZmk/jtZhujjtZ\^ThQsxwF]_pr§jlmujldey	^8Xf\dekhuge^oXj.mq ^Q^|lw¨^8dnQ^oFkhugef\^mq 1jtZ\^p6^oydngyhqo©6^ v ^jt^8|t]_deo\^ v q^o^|ldey8hugegnw¨ ¡|tmQ]ªjtZ\^
hQsxwF]_prjlmujtdiy_^8Xf\dekhuge^oXjlsmu jtZ\^ymF^£ydn^8oQj%s,mu jlZ\^£p6^oydng¦¥TYZ\^q^8o\^|ldiy_gn^Ih v deo\T^zFp6mqo^oXjls,mq 
jlZ\^_^deq^8oXkhqgnf\^Ishu|l^jlZ\^«~^8dnQ^oFkhugef\^8s~¬mu h]_deor§9p\gnfAs,]hkjt|ldnzTpA^8oydegG¥YZ\^_ge^8h v dnoymX^£yde^oXjls
mq DjtZ\^.^deq^8oXkhqgnf\^Is1hu|l^,jlZ\^^8dnQ^oFkhugef\^8smu Whuf\zFdegedehq|tw	]_hujt|ld­z0p6^oydngis  ymqosxjt|lfy®jl^ v  ¡|lmq]¯y^8|xj%hudeomQprjtde]hug@hQststdnQo\]_^oXjp\|lmq\ge^]s8¥
°>±X²´³lµ¶ k·q {<^|tjtf|thujtdemqo¤jlZ\^mQ|tw  ]_huzF§¦p\gefshugeq^8\|lh  jl|tmQp\diyhug*sx^8]_dn|ldno  stpA^Iy®jt|%hug¸jtZ^mq|lw ]hujt|ld­zpA^8oydeg ¹ ^jtmQor§9{f\disx^8frzºjlZ\^mQ|t^8]  hq]_mX^8h  q|%hupZs  mqp\jtde]_hqghqslstdnQo\^]_^oXjp\|lmq\ge^] »f\o\Xhu|ldehqo	hugeqmQ|tdnjtZ]  ½¼,¾ hqstwX]_prjlmujldey8s  gihu|lq^ v ^FdihkjldnmQos¥
∗ ¿¡ÀÁ@¿ÃÂ¸ÄuÅÆ®Ç1È%ÉËÊIÌ<ÍPÌ<ÎAÆ®ÏËÐPÑ~ÌtÈ%ÐQÄqÒ%ÓIÔxÕ®ÖIÄu×FÌØ´ÙPÌ~Ú¦ÊPÈxÛØÝÜ~ÍPÌßÞqÄkàkáGÈ%ÊPÑ~Ìâ´ãAÇ1È%ÉËÏiäFåæ%çPèxælé®éêrëiì%íkèxæléîIèßéçPèxærëiï®ç
† ¿ÃÊPÍPÉðÈ%Êñò¦ÈlòGÉËÚGòGÉËÑtÈ%ÏX¿ÃÊPÚGòGÉ ò¦Ð8ò¦Ì®ÄqÀÌßóÅÌ~ÏËÙPÉiÄQÔ®Ôxô®ôIÔxõIÄk¿ÃÊPÍPÉðÈIâ6ãAÇ1È%ÉËÏiäFç%ö®öîIèl÷è~ø\ëÃæùXë¦èßé
‡ ¿¡ÀÁ@¿ÃÂ¸ÄIÅÆ®Ç1È%ÉËÊPÌÍPÌÎAÆ®ÏËÐPÑ~ÌtÈ%ÐQÄuÒ%ÓIÔxÕ®ÖIÄk×FÌ<Ø´ÙPÌ~Ú¦ÊkÈ~ÛØ´Ü~ÍPÌßÞqÄPàkáGÈ%ÊPÑ~Ìâ6ãAÇ1È%ÉËÏiärú%ûêlü®ýæléêrëiþælÿ®öê%ç®ûîIèßéçPèxærëiïç
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   ¹ mQfsymQostd v |tmQosf\oº  hudisty^8huf]hkjl|tdiyde^g v mQoXj_ge^8symF^£yde^oXjls  v p6^o v hqoXj v f\opAhu|%hu]_[jl|t^
ε  mQoXj v ^8s  Xf\dePhqgn^8oXjlshQsxwF]_prjtmqjtdiXf\^8s v ^geh0 ¡mQ|t]_^ aεA  gemq|%stXf\^ ε jt^8o v q^8|ls¢  |lmpAhu|Phqgn^8f\|%sp6mQstd­jldnQ^8s  gn^0ymF^£ydn^8oQj v mq]_deohuoXj a  jlhqoQj_ymQ]pgn^zF^	^j_g  ^zrp6mQslhuoXj v mQ]_dnohqoXj A jlhqoQj*|  ^g¦¥ ¹ mqfAsW]_mqoXjl|tmQosWXf  f\o  Xf\dnkhqgn^8oQjhqstwF]p\jtmujldeXf\^pAmQf\|y%Zhqyf\o\^ v ^8s¸Phqgn^8f\|%sp\|lmqp\|l^8sv fT  hudisly^8hqfp6^frjjt|l^ v jt^8|t]_deo    o  |ldeXf\^8]^8oXj	phu|tjtde| v ^8s  Xf\dekhuge^oXjls v ^IsymF^£yde^oXj%s v f
  hqdesly^Ihuf@¥^8s^zrpAmXsthqoQj%s v mQ]_dnohqoXjls v ^Iskhqgn^8f\|lsp\|tmQp\|l^8sstmqoXjge^8sPhqgn^8f\|%sp\|lmqp\|l^8s v fo-  hudis~§
y^8hqf]hkjl|tdiyde^gD]_deor§¦pgnfs  ^jge^8s,ymF^£yde^oXjls v mQ]_dnohqoXjlssxmQoXjge^8skhqgn^8f\|ls p\|lmqp|t^Is v ^  hqdesly^Ihufrzhqfrzrdngedihude|t^Is  ymQosxjt|lf\d­j%shuf]_mkwq^o v ^,p\|lmq\ge[]_^Is v h6^Iy®j%hkjtdemqomqp\jtde]_hqgn^Q¥
 ¶ I ³   ¨ YZ  mq|ldn^ v ^IspA^8|xjlf\|lhkjldnmQos  hugeq[|t^]hkzF§¦pgnfs  st^]_dn§9hqo\o\^8hqfTjl|tmQp\dey8hug  jtZ  mq|lde^stp6^8y®jl|lhqgn^    hudisty^8huf v ^T]hujt|ldey^8s  jlZ  mQ|t[8]_^ v ^ ¹ ^8jtmQor§¦{Wf\dest^f\z  hq]de6^  q|%hupZ\^8s  p|tmQ\gn[8]_^v h6^Iy®jlhujtdemqomqprjldn]hqgn^  hugeqmq|ldnjtZ\]_^,»1mQo\q|lmqdis  hqstwF]_prjtmqjtdiQf^8s ½¼,¾  q|%huo v ^8s v XdihkjldnmQos
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¹ mqfsymqoAsxd v |lmqoAsfo¤  hudisty^8huf¤]hkjl|tdiyde^g Aε = Aε,0 + XAε,1 + · · · + XdAε,d  m2B X ^8sxjf\o\^deo v jt^8|t]_deo  ^  ^j mCBp6mqf\| jlmqfrj 0 ≤ k ≤ d  Aε,k ^8sxjf\o\^_]hkjt|ldiy^ n × n v mqoXj gn^Is ymF^£yde^oXjls 
(Aε,k)ij  sxmQoQj v ^Is ¡mQoy®jldnmQosymqoXjldnoFf\^Isºkhuge^f\|%s	ymq]_p\ge^zr^8s v f\opAhu|%hu]_[jl|t^¨pAmXsxdnjtdn  ε ¥EDos  dnoXj  |t^Istst^huf0ymq]_p6mq|tjt^8]^8oXjhQsxwF]_prjlmujtdiXf\^  gemq|%slQf^ ε jl^o v Q^|%s 0  v ^8s"F	G%(55%(5 Lε v ^
Aε  Xf\d@stmqoXj*pAhu| vH o\d­jldnmQo	ge^8s|%hqydno^8s v fpAmQgnwFo&IQ]^ det(Aε) ¥ ¹ mqfAssxf\ppAmXsxmQos¸Xf\^p6mqf\|jlmqfrj
0 ≤ k ≤ d  mQo¤h v ^8s,]hkjl|tdiy^Is ak = ((ak)ij) ∈ Cn×n ^j Ak = ((Ak)ij) ∈ (R ∪ {+∞})n×njl^gegn^IsXf\^
(Aε,k)ij = (ak)ijε
(Ak)ij + o(ε(Ak)ij )  pAmQf\| 1 ≤ i, j ≤ n ¥ mq|%stXf\^ (Ak)ij = +∞ y^gihstdnQo\d H ^  phu|ymQoXQ^oXjtdemqo  Xf\^ (Aε,k)ij ^Is~joXfgnge^hqf©qmQdestdeohuQ^ v ^ 0 ¥ ¹ mqfsy%Z\^8|ly%Z\mQosfo Xf\dnkhqgn^8oQjhQsxwF]_prjlmujtdiXf\^ v ^geh ¡mQ|t]_^
Lε ∼ λε
Λ  hPQ^8y λ ∈ C \ {0} ^j Λ ∈ R  pAmQf\|.y%ZAhqXf\^khqgn^8f\|p\|lmqp\|l^
Lε
v ^
Aε
¥
mq|%stXf\^
Aε = Aε,0−X
d v  mCB.d vv stdnQo\^¸gih]_hujt|ldey^¸d v ^8oQjld­j   degrs  huQd­j v fp|tmQ\gn[8]_^*ygehQststdeXf\^v ^p6^|tjtf\|lhkjldnmQo v ^Phqgn^8f\|*p\|tmQp\|l^8s v ^]hkjt|ldiy^8s8¥Jophq|xjldeyf\gedn^8|  gnmQ|lslXf\^1gih]hkjl|tdiy^ Aε,0 ^8sxj v ^gih ¡mQ|t]_^
Aε,0 = A0,0 + εb  p6mqf\|*f\o\^]hkjt|ldiy^ymq]_p\ge^zr^ b = (bij)  f\o\^jtZ  mq|ldn^dno\dnjtd  ^phu|LKdNMxdFO^j\}~fs~jl^|lo\dFOQP KSRqT  ^jymQ]pg  j  ^phq| @d v sUOFd V WLP d v RQ1T<d v ^oXjtd H ^gn^Is^zrpAmXsthqoQj%s v mQ]_dnohqoXjls Λ p6mqf| v ^Iskhuge^f|ls  o  |ldeXf\^Is v ^Isphq|lhq]_[jt|l^8s
bij  ^j v mQo\o\^ v ^8s, ¡mQ|t].f\ge^8s.^zrp\gedeyd­jl^8s.pAmQf\|ge^8symF^£yde^oXjls v mQ]_dnohqoXjls
λ    hqdeslhuoXjdnoXjl^|lq^odn| gn^Iskhuge^f\|%sp|tmQp\|t^Is v ^_y^|tjlhqdnosymq]_p\g  ]_^oXjls v ^b\y%ZXf|ymqosxjt|lf\dnjls pAhu|tjtde| v ^
b
¥XKDmQdn|YP  ¾ D ZATp6mqf\|_f\o\^0p\|  st^oXj%hkjtdemqoK|  y^oXjl^q¥\[¸^p6^o v huoXj p6mqf|y^|tjlhqdno\^Is Phqgn^8f\|%s v ^
b  y^8s,ymq]_p\g  ]_^oXjls v ^£bry%ZFf\|p6^f\Q^oXj,o\^phqs^zFdisxjt^|I¥4]^jl^gis,yhqsstdeo\qf\gede^|%smQoXj  j   jlf v d  s,^8o¨pAhu|tjtdiyf\gedn^8| v huos.P  ¾ D Z  ^JW2_/T¦¥`] huoAs.P a ¾cb q`/T  o\mqfAs,hPqmqoAsv mqo\o  f\o\^1p\|l^]_de[|l^1^zFjl^ostdnmQo v f_jtZ  mq|l[]_^ v ^ @d v sUOXd*V W`P @d v RXdT  v mQo\ohuoXj¸stmqfAsy^8|xj%hudeo\^8s¸ymqo v d­§jldnmQossxjt|lfyjtf\|l^gegn^Isge^8s  Xf\dnkhqgn^8oQj%s v ^Is1khuge^f|lsp|tmQp\|t^Is v ^gih]hkjl|tdiy^
Aε,0
¥ ¹ mqfs  jt^8o v mQos1diydy^1|  stf\g­j%hkjWhqf_y8hqs v ^8s<  hqdesly^Ihufrz  y^Xf\dp6^|l]_^j v ^1|  sxmQf v |l^gn^IsWyhQsXf\d v ^]_^f\|%hude^oXjWstdnoqf\gedn^8|lsv huoseP a ¾fb u`/T¦¥
a H o v  o\mQoy^8| ge^|  stf\g­j%hkj,p\|ldnoAydephug  |%hup\p6^gemqosXf\^8geXf\^Is,o\mujldnmQos v hugeq[8\|t^]_dno\§¦p\gefs8¥ @^!)g/,5/Y!)3gF%(=  Rmin  ^Is~j1g  ^8ost^]gn^ R ∪ {+∞} ]f\od v ^,g  h v\v dnjtdemqo (a, b) 7→ a ⊕ b :=
min(a, b)
^j v ^geh]f\gnjtdep\gedey8hkjtdemqo
(a, b) 7→ a⊗ b := a+ b
¥&Do  y|ldn|%h,phq|x ¡mQdes
ab
hufgedn^8f v ^
a⊗ b
¥
Doo\mqjt^|%h#h
:= +∞
^j i
:= 0
gn^¢  |tm_^j1g  f\o\dnj v ^
Rmin  |t^Isxp6^8yjtdeq^]_^8oQjI¥
¹ mqfs	hqslsxmrydemqoAshuf  hudisty^8hqf Aε gn^T  hudisty^8huf ]hkjl|tdiyde^g A = A0 ⊕ XA1 ⊕ · · · ⊕ XdAd ymF^£yde^oXjls v hqos
Rmin
¥@^IsymF^£yde^oXj%s v ^
A  Aij  stmqoXj v mqoy v ^8s p6mqgewXoIq]_^8s ¡mq|l]_^gis 	ymF^ Ã§H yde^oXjls v hqos
Rmin  ^o(g  deo v jt^|l]_dno  ^ X ¥ ¹ mqfs,hqp\pA^8gnmQosj%k,l!#m'52'onNpqr!s)gF%,=ge^p6^|l]huo\^8oXj
PA = perm A
¥Ý1hup\p6^gemqoAsXf\^pAmQf\|fo\^]hkjl|tdiy^
B = (Bij)
v ^.jlhqdngegn^
n × n  ymF^£yde^oXjls v huoAsWf\o	sx^8]dn§ßhuo\o\^Ihuf£Xf\^8geymqoXf\^  ge^f%!#,3 v ^ B ^Is~j vH od6ymq]_]_^gihsxmQ]_]^stf\|jtmQfrjt^Is<gn^Is<pA^8|t].frjlhujtdemqos
σ
v f_pAmQd v s
|σ|B = B1σ(1) · · ·Bnσ(n)
¥@mQ|lslXf\^¸ge^8sDymF^£yde^oXjls v ^
Bhqp\phq|xjldn^8o\o\^oXj 
Rmin  |σ|B = B1σ(1) + · · ·+Bnσ(n)  ^j perm B ^8sxjWgehkhqgn^8f\| v f\o\^h6^Iy®j%hkjtdemqomQprjtde]huge^ v huosge^,q|%hupZ\^khqgnf  hQststmryd  
B
¥
bFd
P
^8sxj(f\o pAmQgnwFo&IQ]_^K ¡mQ|t]_^g 4ymF^£ydn^8oQj%s v huos
Rmin  mqo omujt^ P̂ gih½ ¡mQoy®jldnmQo p6mu§gewFo&Iq]_^ hqslsxmryd  ^ 
P
¥  hup\p\gediyhkjldnmQo
P 7→ P̂
^Is~j¤f\o yhqs(phq|xjldeyf\gedn^8| v ^ºjl|lhqosx ¡mq|l]  ^ v ^
^Q^o v |l^§ß\^8oy%Z\^8g-P ¾ [fD"t X su 7¥ 7¥nT¦¥[¸f\o\deo\qZAhu]_^§ b |t^8^o ^j¤T^d }~^|;P*[ b v_qTmQoQj(]_mqor§jl|  Xf\^¤gih© ¡mQoy®jldnmQo4p6mqgewFo&Iq]_^
P̂ (x)
p6^f\jsx^(  hqyjtmQ|tdisx^8| v ^-]_hqo\de[|l^¨f\odeXf\^-stmqfs0gih© ¡mQ|t]_^
P̂ (x) = a(x ⊕ c1) · · · (x ⊕ cn)  hPq^Iy a, c1, . . . , cn ∈ Rmin ¥ ^8s_o\mQ]\|l^8s c1, . . . , cn stmqoXj£hupr§p6^g  srU2')( v ^
P
¥ ¹ mqfAs,o\mujl^|lmqos γ1, . . . , γN ge^8s|%hqydeo\^Is v f¤pAmQgnwFo&IQ]^£y8hu|%hqyj  |ldis~jldeXf\^ PA hqfslsxd<hup\p6^g  ^Iskhqgn^8f\|lsp\|lmqp\|l^8s v f  hudisty^8huf
A
¥@^Is|%hqydno^8s
γi  ^j v mqoy.geh ¡mqoAy®jtdemqopAmQgnwFo&IQ]^
P̂A  p6^f\Q^oXj jt|l^yhqgeyf\g  s^o jl^]_ps O(n4d) ^8o½s  deosxpdn|%huoXj v ^Tgih-]  jlZ\m v ^ v ^ ¾ f|UOkhu| v ^j¾ frj5OqmkFdNwxP ¾¾ C71T9¥
ÁÁ ÊyÕIÔz®ô
`  v/,/E/A),+U
	j5%3 no%&/(f/

{<mqf|jtmQfrjt^]hujt|ldey^
B ∈ Rn×nmin
jl^gegn^.Qf^
perm B 6=
h  omqfs vH o\dislsxmQosge^q|%hup\Z^Dp\j (B) ¡mQ|t] v ^8s hu|%ys1pAhu|tjtdiydephuoXj fo\^.h6^Iy®jlhujtdemqoTmQprjtde]huge^´gn^Is1o,f v s v ^.Dprj
(B)
sxmQoXj
1, . . . , n ^j1dngÝwhf\o>hu|%y v ^
i

j
s  deg@whf\o\^,p6^|l]frj%hkjldnmQo
σ
jt^gege^Qf^
j = σ(i)
^j
|σ|B = perm B
¥
¹ mqfs v dn|lmqosQf^ v ^frz4q^Iy®jt^8f\|%s U, V v ^ v de]^8ostdnmQo n "ymF^£ydn^8oQj%s v hqos Rmin \ { h } ¡mQ|t]_^8oQj_f\o\^m%)U&/2UN_|l^gihkjldnQ^]_^oXj 
B
sxd  Xf\^gis_Xf\^stmqde^oXj i, j  mqoºh Bij ≥ UiVj ^jstd
U1 · · ·UnV1 · · ·Vn = perm B  ge^8s.p\|lm v f\dnjlss  ^oXjt^8o v huoXj v huosgn^st^]_dn§9hqo\o\^Ihuf-]_dno\§¦p\gefs8¥adnoAsxd  (U, V ) o  ^Is~jhqfrjt|l^£Xf  f\o\^£stmqgefrjtdemqo¤mqp\jtde]_hqgn^ v f-p\|tmQ\ge[]_^_gndeo  hqdn|l^ v fhqg v f-p\|lmqgn[8]^v h6^Iy®jlhujtdemqoGsx^8^EP ¾ Z  r¥ `/T®¥AJophq|xjldeyf\gedn^8|  fo\^Wphqdn|l^Z\mQo\q|lmqdist^D^zrdesxjt^ v [8sXf\^ perm B 6= h ^jD^gegn^p6^frj jt|l^¸jl|tmQf\  ^¸^8ojl^]_ps
O(n3)
Q|Qy^  g  hqgnQmq|ld­jlZ\]_^¸Zmqo\Q|tmQdes8¥8{<mQf\|<jtmQfrjt^phqdn|l^¸Zmqor§
Q|tmQdest^
(U, V )  mqo vH od­jge^"2U%&+2"/p	5  b\hkj (B, U, V )  Xf\dÝhp6mqf\|o,f v s 1, . . . , n  ^jp6mqf|1hu|%ys*gn^Is1ymQf\p\ge^8s
(i, j)
jl^gis1Xf\^
Bij = UiVj
¥
{<mqf|.y%ZhQQf^£|lhQydeo\^ H o\de^
γ
v ^
PA  omqfs vH odeslsxmQos,ge^8s.q|%hup\Z^8sDprj 0(γ), . . . , Dp\j d(γ) Dp\j
k(γ)
hp6mqf\|o,f v s
1, . . . , n  ^jhf\ohu|%y v ^ i  j std (i, j) ∈ Dprj (Â(γ)) ^j (Ak)ijγk = Âij(γ) ¥{<mQf\|jtmqf\jt^0phude|l^	Z\mQo\q|lmqdist^
(U, V )
|l^gihkjldnQ^]_^oXj ¨gih¨]_hujt|ldey^
Â(γ)  omqfs vH o\diststmqoAshqfslsxdge^8sq|%hup\Z^8s1brhuj
0(γ, U, V ), . . . ,
brhuj
d(γ, U, V )  Xf\dsxmQoQjmqrjl^oFfs^8oT|t^8]_p\gehhqoQj Dp\j (Â(γ)) pAhu|b\hkj
(Â(γ), U, V )
v huosgih vH od­jldnmQo v ^Dp\j
0(γ), . . . ,
Dprj
d(γ)
¥&Jo H o  sxd G ^8sxjf\o0q|%hup\Z\^hPwQhqoXjp6mqf|¸o,f v s
1, . . . , n  ^jstd b ∈ Cn×n  o\mqfAs vH o\dislsxmQosWgih.]_hujt|ldey^ bG  jl^gegn^Xf\^ (bG)ij = bij sxd
(i, j) ∈ G  ^j (bG)ij = 0 stdeo\mqo@¥3]hqosg   o\mqoy ,v f0jtZ  mq|l[]_^,Xf\dstf\d­j  ge^8skhuge^f|lsp\|lmqp|t^IssxmQoQjymq]_prj  ^8shPQ^8ygn^8f\|%s]f\gnjtdep\gedeyd­j  s8¥
 > F¶ 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4)
γ
	(G52')($#\+/f%k,l!#E'UC' nNqf!)3gF%(=
PA %  f	f'&&2q
0 ≤ k ≤ d
"(/o/&
Gk
6m/U% noEvDprj
k(γ)
@
('brhkj
k(γ, U, V )
L%	Y	 '&&/$
q6'(q +2E6c%)5)2U/N
U, V
56/p)!.*'
Â(γ) %,+ +Cn5&FS/N' 2$C))5
a(γ) := aG00 +Xa
G1
1 + · · ·+X
daGdd % j6&`460N' a(γ)  mγ 1/6	X%,U5%,U(3g 	)6&
λ1, . . . , λmγ
G6GN'5/
Aε
2+/!.
mγ
6	c%(U%(U
Lε,1, . . . ,Lε,mγ
k23+2snq	)6p
5%5' 5 +2eFL/!.
Lε,i ∼ λiε
γ %.-  /	pU/S 0 X	(j1/6	 %,U5%,U+2 !s	 %(') n m′γ +//N'5/
a(γ)
 FL/N'5/
Aε
C+!#
m′γ
6	G%(U%(U"d%2%(Fn!#3o/)U
Lε
 )6xq
ε−γLε'/p 1
0
so/	o^6 /	p5^6	.%(U%(U
Lε
+2
Aε
s )6 qvF !#A+/	6
+C
ε−γLε
 ,+ r10 )2#\ %3- 2#  %	m+Cr6	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/U!54U (ak)ij  mγ'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 %(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-U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)(
γ
G
m′γ
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PA
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o!#3 d%&n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	U8'
γ %] huos¸gih,q^8|lstdnmQo_^ohqo\qgihudis v ^geh,p|  sx^8oQjl^1o\mqjt^  o\mQfsdegngefsxjt|lmqosWgn^YZ  mQ|t[8]^1^o£|%hkohqoXjv ^8s|  stf\g­j%hkj%s v ^ ¹ hu}~]_hqo P ¹ hu}xq1T9¥
 ^ymQosxd v ^8|1h.]hujt|ld­zp6^oAydeg@mu jtZ\^  ¡mQ|t]
Aε = Aε,0 + XAε,1 + · · · + X
dAε,d ,
Z^|l^   ¡mq|^q^8|tw 0 ≤ k ≤ d  Aε,k dis1h n × n ]_hujt|ld­zZ\mQst^,ymF^£ydn^8oQj%s  (Aε,k)ij  hq|t^,ymq]_p\ge^zkhqgnf\^ v ymQoQjldnoFf\mQfs ¡f\oAy®jtdemqoAsmq Dh£o\mqo\o^Qhujtdeq^,phq|lhq]_^jt^8|
ε  hqo v X deshuo>deo v ^jt^|l]_dnoAhkjt^Q¥  ^hq|t^.dnoXjl^|l^8sxjt^ v dno¨jtZ^hQsxwF]_prjtmqjtdiy6^ZAhPXdemq|  Z\^o ε jt^8o v sjtm 0  mq WjtZ^YC Lε mu  Aε Zdey%Z0hu|l^ jtZ\^,|lmFmujls*mq jlZ\^,pAmQgnwFo\mQ]_dehqg
det(Aε)
¥
 ^stZhugegWhqslstf\]_^_jtZhuj ¡mq|^8q^8|tw
0 ≤ k ≤ d  ]hkjl|tdiy^Is ak = ((ak)ij) ∈ Cn×n hqo v Ak =
((Ak)ij) ∈ (R ∪ {+∞})
n×n hq|t^QdnQ^o  stmjlZhkj
(Aε,k)ij = (ak)ijε
(Ak)ij + o(ε(Ak)ij ) ,
 ¡mq|1hqgng
1 ≤ i, j ≤ n ,
¿¡ÀÁ@¿ÃÂ
 	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12!#34%(52
6! 
Z^o
ε
jl^o v s jlm
0
¥  Z^o
(Ak)ij = +∞  jlZ\dis]_^Ihuos Fw>ymqoFQ^oXjtdemqo>jlZhkj (Aε,k)ij des ¢8^|lmdeoho\^deqZF6mq|lZ\mFm v mq W¢^8|tmA¥  ^.gemFm2O	 ¡mq|huoThqstwF]_prjtmqjtdiy^8Xf\dekhuge^oXjmq DjtZ\^. ¡mq|l]
Lε ∼ λε
Λ  dnjtZ
λ ∈ C \ {0}
huo v
Λ ∈ R   ¡mq|^8q^8|tw£^8dnQ^oFkhugef\^ Lε mu  Aε ¥ Z\^8o
Aε = Aε,0 − X
d v  Z\^8|t^d v¨v ^8o\mujl^8sjtZ^d v ^8oQjld­j~w>]hujt|ld­z  *^|l^8ymkq^8|1jtZ^ygehQststdey8hugp|tmQ\gn^8] mu Wp6^|tjtf\|lhujtdemqomq ^deq^8oXkhqgnf\^Ismq W]hkjl|tdiy^Is¥ ßo(phu|tjtdiyf\gihu|  Z\^o Aε,0 dis huo\^.deo ε d¦¥ ^q¥
Aε,0 = A0,0 + εb   ¡mQ|sxmQ]_^£ymq]_p\ge^z(]hkjt|ldnz b = (bij)  hjtZ^mq|lwdeo\dnjtdihkjl^ v FwvKdFMtd6O¤huo v\}~fsxjt^|lo\dFO P K SRQT¸hqo v ymq]_p\ge^jl^ v Fw d v sUOFd*V WGP @d v RXdTWd v ^oXjtd H ^IsjtZ\^ge^8h v deo\>^zrp6mqo\^8oQj%s
Λ
 ¡mq|
Q^o\^8|tdiy*khugef\^8sDmq AjlZ\^phq|lhq]^jt^8|ls
bij  hqo v qdeq^Is^zrp\gndiydnj ¡mQ|t].f\g© ¡mq|DjlZ\^ge^8h v dno\ymF^£yde^oXjls λ deoFqmQgnFdeo\1jlZ\^^deq^8oXkhqgnf\^Ismu 6y^|tjlhqdno_bry%ZFf\|ymQ]pgn^8]^8oXjls<ymQos~jl|tfAy®jt^ v  ¡|lmq]
b
¥<br^^eP  ¾ D =ZTr ¡mq|
h|l^8y^oXj1p\|l^8st^oXjlhujtdemqo@¥mq|1stmq]_^Phqgnf^8smq 
b  Z\mk¸^8q^8|  jtZ^8st^bry%ZFf\|1ymQ]pgn^8]^8oXjls]hPwo\mqj1A^v ^ H o\^ v ¥DbFfy%Zstdnoqf\gihu|yhqst^8sZhPQ^|t^Iy^8dnQ^ v ].fy%Zhkjtjt^8oQjldnmQo  st^^WdeopAhu|tjtdiyf\gihu|LP  ¾ D =Z   JW2_/T¦¥
 ßo P a ¾fb u`/T  *^q^8o\^|%hugedn¢8^ v jtZ\^jlZ\^mQ|t^8] mu cP @d v RQdTjtmjtZ\^y8hqst^Z\^|l^ Aε,0 diso\mqjhko\^deo ε ¥ ^sxZmk¸^ v jtZhujjtZ\^_ge^8h v dno\^zrp6mqo\^8oXjls
Λ
mu ¸jtZ\^_^deq^8oFPhqgnf^8s yhuo¨A^£ymq]_p\frjl^ v  Q^o\^8|tdiyhqgngew hQsjtZ^ «x|tmFmuj%sß¬,mu h£y^|tjlhqdno>]_deor§¦pgnfspAmQgnwFo\mQ]_dehqgymQosxjt|lfy®jl^ v  ¡|tmQ]
Aε
¥  ^hugistmsxZmk¸^ v jlZhkj
fo v ^|	s~jl|tfyjtf\|%hugymqo v d­jldnmQos  Z\^o½y^|tjlhudeo \dephu|tjtdnjt^>Q|lhqp\ZsymQosxjt|lfy®jl^ v  ¡|tmQ] jlZ\^Tge^8h v dno
^zrpAmQo\^oXjlsmu DjlZ\^^oXjt|ldn^Is1mq 
Aε,0
ZhPQ^h£p6^|t ¡^8yj]hkj%y%Z\dno   jlZ\^.ge^8h v deo\£^zrp6mqo\^8oXjlsmu ¸hqgngjtZ\^^8dnQ^oFkhugef\^8s<y8huoA^mQrjlhqdno\^ v Xwbry%ZFf\|ymQ]pgn^8]^8oXjD ¡mq|l]f\g©Z\diy%Z^zFjt^8o v jtZ\^mQo\^8s<mq 0P @d v RQ1T¦¥
»mk¸^8q^8|  Z^o¤jtZ^8st^£s~jl|tfyjtf\|%hug¸ymqo v d­jldnmQos v mo\mujZ\mQg v  jlZ\^Xf\^8sxjtdemqo-|l^]hqdno\^ v mqp6^o@¥  ^stZ\mk dno¤YZ\^mQ|t^8] _A^8gnmk jtZAhkj,jtZ^gn^Ih v deo\>ymF^£ydn^8oQj%smu ¸jtZ\^£^8dnQ^oFkhugef\^8s mq ¸jlZ\^pA^8oydeg
Aεhq|t^>mQrjlhqdno^ v  Q^o\^8|tdiyhqgngew  hQsjtZ^^deq^8oFPhqgnf^8s£mq y^|tjlhqdno½hqfrzrdngedihu|lwKp6^oydngis  dno v ^p6^o v ^oXjmq 
ε
  ymQos~jl|tfAy®jt^ v FwstmqgeFdnoKy^8|xj%hudeo½mqprjldn]hqg hQststdnQo\]_^oXjp\|lmqgn^8]_s8¥ YZ\dis	qdeq^8s	hKymq]_p\ge^jt^Q^o\^8|lhqgnde¢8hujtdemqo>mq jtZ\^jlZ\^mQ|t^8] mq jP @d v RQ1T¦¥  ^_sxZhqgng<degngefsxjt|%hkjl^YZ\^8mq|l^]ªdno [¸mq|lmqgegehq|tw¨  Fw|l^ H o\dno|l^8stf\gnjlsmq  ¹ hu}~]huoP ¹ hk}xqTymQoy^8|to\deo\_h_sxdeo\qfgehq|pA^8|xjlf\|tAhkjtdemqomu <huo0hko\^,p6^oydng¦¥
 ßo	mq| v ^|Wjtm.sxjlhujt^jtZ\^ ]hudeo£|t^Isxfg­j  *^1o\^8^ v sxmQ]^]_dnor§9p\gefs*hugeq^|lhqdeyymqosxjt|lfy®jldnmQos8¥^IyhqgngjlZhkjjlZ\^.!)3gF%(= !s))  Rmin  des*jlZ\^,sx^j R ∪ {+∞} ^8Xf\dep\pA^ v dnjtZjlZ\^,h v\v dnjtdemqo (a, b) 7→
min(a, b)
hqo v jtZ\^_]fg­jldnp\gediyhkjldnmQo
(a, b) 7→ a + b
¥  ^ v ^8o\mujl^_Xw«
⊕
¬.jtZ\^_]_dno\§¦p\gefs,h v\v dnjtdemqo hqo v Fw«
⊗
¬1mq|¸ymqoy8hkjl^ohujtdemqo_jtZ^]_dno\§¦p\gefs¸]f\gnjtdep\gedey8hkjldnmQo@¥  ^ v ^omujt^Fw#h
= +∞
huo v i
= 0jlZ\^,¢^8|tm_huo v f\od­j1^8gn^8]^8oXjlsmq 
Rmin  |l^8stpA^Iy®jtdeq^8gnwQ¥DYZ\^.!.A$2gF%,= !s))  Rmax  dismq\jlhudeo\^ vFw£|l^pgehQydeo\«
min
¬,Xw«
max
¬,huo v
+∞
Fw
−∞
dnojtZdes v ^ H o\dnjtdemqo¥
 ^¸hQststmrydihkjt^jlm1jtZ^]hkjt|ldnz p6^oydng
Aε
jlZ\^]hkjl|tdnzpA^8oydegqdnjtZymF^£yde^oXjlsdno
Rmin  A = A0⊕
XA1 ⊕· · ·⊕X
dAd
¥D»1^|l^  jtZ^^oXjl|tde^8sWmu  A  Aij  hu|l^ ¡mq|l]hugApAmQgnwFo\mQ]dihugisdeojlZ\^deo v ^jt^|l]_dnoAhkjt^
X
dnjtZymF^£yde^oXjls£dno
Rmin
¥  ^¨ymQostd v ^8|jtZ^> ¡mq|l]hug1]_deor§¦pgnfs '&&52'oNp'-%k,!s
PA = perm A
¥ 1^8yhqgngjlZhkj ¡mQ|h
n × n
]_hujt|ld­z
B = (Bij)
d­jlZº^8oXjt|ldn^Is_dno huoFwKst^]_de|tdeo\ jlZ\^m%&!#(mq 
B
des v ^ H o\^ v hqsjtZ^0stf\] mkQ^|hugeg*p6^|l]f\jlhkjldnmQos
σ
mu jtZ\^0*^deqZXj
|σ|B =
B1σ(1) · · ·Bnσ(n)
¥YZFfs  dn  B desh£]hkjl|tdnzdnjtZ¨^oXjt|lde^8s1deo Rmin  jtZ\^.¸^8dnQZXjmu  σ  |σ|B  desjtZ\^fAsxfhqgstf\]
B1σ(1) + · · · + Bnσ(n)  huo v perm B dis1jlZ\^Phqgnf^mu WhqomQprjtde]hug<hqslsxdeqo\]_^8oQjdnojtZ\^*^deqZXjl^ v q|%hup\Zhqslsxmrydihkjl^ v jtm
B
¥ ¦bF^^#P ¾ 1ZdTÝ ¡mq|]_mq|l^hqyOFq|lmqfo v ¥ 
 9 
P
desh0 ¡mq|l]hugp6mqgewFo\mq]_dihugDdnjtZKymX^£yde^oXjls,deo
Rmin  *^ v ^8o\mujl^£Fw P̂ jtZ\^pAmQgnwFo\mQ]dihug ¡foy®jldnmQo½hqslsxmrydihkjl^ v jtm
P
¥4YZ\^>]hup
P 7→ P̂
des£h-stp6^8ydihugede¢8hkjldnmQoºmq jtZ\^ ^Q^o v |l^§ß\^8oy%Z\^8g
jl|lhqosx ¡mq|l] P ¾ [fD"t X &u 7¥ 7¥nT¦¥ [¸f\o\deo\qZhq]_^§ b |t^8^o_huo v >^8d }~^8|P*[ b v_qTAZhPq^stZ\mkojtZhujjtZ\^]_deor§9p\gnfAsp6mqgewFo\mq]_dihugX ¡f\oyjtdemqo
P̂ (x)  y8huo6^*  hqyjtmq|l^ v f\o\diXf\^gewhqs P̂ (x) = a(x⊕c1) · · · (x⊕cn) ¥dnjtZ
a, c1, . . . , cn ∈ Rmin  Z\^|l^ n dis^8XfhugQjtmjtZ^ v ^8q|l^^Wmq  P  deg P ¥<YZ\^¸oXf]6^|%s c1, . . . , cn hq|t^,y8hugegn^ v jlZ\^m',mu 
P
¥¸YZ^w	ymqdeoyd v ^,dnjtZ0jlZ\^p6mqdeoQj%smu Do\mQo v d 6^8|t^8oXjtdihu\degndnj~wmq 
P̂
¥ 9 
cdis1h_ymQ|to^|  jtZ\^r!s	 %(')k mq  c  Z\diy%Zdis^IQfAhugÝjlm_jtZ\^,oFf\].A^8|1mu <dno v dey^8s i  ¡mq|Z\diy%Z ci = c ymqdeoyd v ^Is  Z\^8o c 6= h  dnjtZjlZ\^*Phq|tdihkjldnmQomu stgnmQpA^¸mu  P̂ huj c  P̂ ′(c−)−P̂ ′(c+) ¥YZ\^¸].f\gnjtdep\gndiydnj~wmq ÝjtZ\^ymQ|to^|Lh£des¸^8XfhqgjlmjtZ^khugefhkjldnmQo£mu 
P  valP ¥  ^ v ^o\mqjt^Fw γ1, . . . , γN jlZ\^ymq|lo\^8|lsDmq jlZ\^_y%Zhu|%hqyjt^|ldis~jldey,p6mqgewFo\mq]_dihug
PA  jlZhkj*^.yhqgngjlZ\^Ghugeq^8\|lhqdey xCmq  A ¥ ¹ mujl^jlZhkj
ÁÁ ÊyÕIÔz®ô
R  v/,/E/A),+U
	j5%3 no%&/(f/

jlZ\^_khugefhkjldnmQo
valPA
y8huo6^ymQ]pfrjt^ v Fw>deoQjl|tm v fAydeo\jlZ\^_]hkjt|ldnz
val A ∈ Rn×nmin  stfy%ZTjlZhkj
(val A)ij = val Aij
¥£YZ\^8o  valPA des^8Xfhug<jlmjtZ\^]_deor§¦pgnfspA^8|t]huo^oXj,mu *jtZ\^]hkjl|tdnz val A ¥¾ w£stwF]]_^jt|lw  jtZ^ v ^q|l^^ deg PA des^IQfAhug6jtmjtZ^ ]huzX§9p\gefs*pA^8|t]hqo\^oXjmu @jlZ\^]hkjt|ldnz deg A ∈
Rn×nmax  stfy%Z0jlZhkj (deg A)ij = deg Aij ¥YZ^ymQ|to\^8|ls γi Ghuo v stm  jtZ\^.pAmQgnwFo\mQ]dihug@ ¡f\oy®jldnmQo P̂A y8huo£6^,ymQ]pfrjt^ v deo
O(n4d)
jldn]_^Fw£h v hqprjtdeo\jlZ\^]_^jtZm v mu  ¾ f\|5Okhu| v huo v¾ frjUOQmkFdFwxP ¾¾ 271T9¥
  9jdesomuj"OFo\mko¨Z^jtZ^|jtZ^_st^8Xf\^8oy^_mq *ymF^ydn^8oXjlsmu ¸jtZ\^/!./´pAmQgnwFo\mQ]dihug
PA
y8huo(A^
ymq]_p\frjl^ v deo	p6mqgewFo\mq]_dihug´jtde]_^q¥ 
mq|huoFw_]hkjt|ldnz
B ∈ Rn×nmin
stfy%Z£jlZhkj
perm B 6=
h  *^ v ^ H o^jlZ\^q|%hup\Z Dp\j (B) hqsWjtZ\^,st^jmq <hq|ly8sA^8gnmQo\qdeo\jtmmQprjtde]hug@hQststdnQo\]_^oXjls2<jtZ^,o\m v ^8smq  Dp\j
(B)
hu|l^
1, . . . , n
hqo v jtZ\^8|t^dis1huo
hq|ly ¡|lmq]
i
jtm
j
dn jlZ\^|l^desh.p6^|l]f\jlhkjldnmQo
σ
stfy%ZjlZhkj
j = σ(i)
hqo v
|σ|B = perm B
¥
 ^stZhqgngslhPwjlZhkjj~¸m¨q^Iy®jtmQ|ls
U, V
mu  v dn]_^8osxdemqo
n
d­jlZK^oXjl|tde^8s.dno
Rmin \ {
h
}
 ¡mQ|t] h
	/e%&/)dnjtZ|l^8stpA^Iy®j<jtm
B
d­    ¡mq|Dhugeg i, j  ¸^*ZhPq^ Bij ≥ UiVj  hqo v U1 · · ·UnV1 · · ·Vn =
perm B  jlZ\^p\|lm v fy®j%s16^deo\£f\o v ^|%s~jlmFm v deo0jtZ\^]deor§9p\gefsst^ost^q¥YZFfs  (U, V ) ymqdeoyd v ^IsdnjtZjlZ\^mqprjldn]hqg v fhug´khu|ldihu\ge^deo	jtZ\^,gedno^8hu|p\|lmqQ|lhq]_]deo\, ¡mQ|t].f\gihkjtdemqo	mu jtZ\^mqp\jtde]_hqg@hqslsxdeqo]^8oXj
p|tmQ\gn^8] Gsx^8^QP ¾ 1=Z  r¥ `/T®¥  ßo"phu|tjtdiyf\gihu|  h-»1f\o\Xhu|ldehqoºpAhude|huge*hPwrs_^zFdisxjlsdn jtZ\^TmQprjtde]hughQststdeqo\]_^oXjp|tmQ\gn^8] des ¡^8hQsxde\ge^  dG¥ ^q¥  dn  perm B 6= h  hqo v dnjy8huoT6^ymq]_p\frjl^ v dno O(n3) jldn]_^Fw	jtZ\^»1f\oQhu|ldihuo>hugeqmQ|tdnjtZ\]0¥\mQ|hqoXw»1f\oQhu|ldihuo0phude|
(U, V )  ¸^o\mk v ^ H o^,jtZ\^-	U2U%  brhkj (B, U, V )  Zdey%Z0ZhQso\m v ^8s 1, . . . , n huo v huo0hu|%y ¡|tmQ] i jlm j d­  Bij = UiVj ¥mq|^Q^|lw H o\d­jl^ymq|lo\^8|
γ
mu 
PA  *^ v ^ H o^jlZ\^ v dnQ|lhqp\ZsDprj 0(γ), . . . , Dprj d(γ) "Dp\j k(γ)ZAhqso\m v ^Is
1, . . . , n  huo v hqo0hq|ly ¡|lmq] i jtm j dn  (i, j) ∈ Dprj (Â(γ)) huo v (Ak)ijγk = Âij(γ) ¥Wmq|^8q^8|tw>»1fo\Qhq|tdihuo¨phude|
(U, V )
d­jlZ¤|t^Isxp6^8yjjlm	jlZ\^_]hkjt|ldnz
Â(γ)  ¸^hqgestm v ^ H o\^jlZ\^ v dnQ|lhqp\Zsb\hkj
0(γ, U, V ), . . . ,
b\hkj
d(γ, U, V )
Fw|l^pgehQydeo\Dprj
(Â(γ))
Fw_b\hkj
(Â(γ), U, V )  deojlZ\^ v ^ H o\dnjtdemqomq (Dprj
0(γ), . . . ,
Dprj
d(γ)
¥deohugegnw  d­  G dishuoFw v dnQ|lhqp\Z,d­jlZo\m v ^Is 1, . . . , n  huo v d­  b ∈ Cn×n  ¸^v ^ H o\^ jlZ\^,]hkjt|ldnz
bG  Z\diy%Z	disstfy%ZjlZhkj (bG)ij = bij dn  (i, j) ∈ G  hqo v (bG)ij = 0 mujtZ^|ldest^q¥ ßojlZ\^  ¡mqgegnmkdeo\jtZ\^8mq|l^]  huo v deojtZ\^st^8Xf\^8g  ^8dnQ^oFkhugef\^8shq|t^ymQf\oXjt^ v dnjtZ0]fg­jldnp\gediydnjtde^8s8¥
 > ±F¶  ±   .! 
γ
+2(/o#/k # ) .'(s&s!s)gF%,='UC' N'j%k,!s
PA % .k
0 ≤ k ≤ d
f6
Gk

rq )&so#Dprj
k(γ)
/b\hkj
k(γ, U, V )
4r/k '&&/'- 
&"	=C/.%)
U, V 
) ^U%'Go
Â(γ) % + +2 /2$C)ke%(')
a(γ) := aG00 + Xa
G1
1 + · · · + X
daGdd .
 e m&x%,')
a(γ)
&
mγ
(3g	dUC&
λ1, . . . , λmγ
" x%&(')
Aε
&1
mγ31/
Lε,1, . . . ,Lε,mγ 
)  U%&'p) q	)1/63^ m e!
Lε,i ∼ λiε
γ 
   0 NY31/# !	p %,')k
m′γ
 x E%&(')
a(γ)
c f%(')
Aε
1f%,U'Nk
m′γ

Lε
'&v 
ε−γLε
'5/Cx dU,+ /)X s/ .
Lε

Aε
5'&v 
&!#A+/	= 
ε−γLε
'/po-)2#\)k %  vU/1&,/ ,'s&%&/U!#o
(ak)ij

mγ
'),'+C

)m  !	 %(')kr j '(
γ
 /(+
m′γ
'),'+C

) m&j	! 
!s	 %(')x)`&s',E2U "&/
γ %
bFdeoy^jlZ\^ stf\]/mq ÝjtZ\^ ]f\gnjtdep\gedeyd­jldn^Ismu ÝjlZ\^ ymq|lo\^|%smq 
PA
des¸^8Xfhqg6Q^o\^8|tdiyhqgngew.jtmjlZ\^ v ^Q|t^8^
mq 
det(Aε)  hqo v stdeoy^ Aε ZhQsDh oXf]6^|Dmu ´d v ^oXjtdiyhqgngew¢8^|lm^8dnQ^oFkhugef\^8sq^8o\^|ldiyhugegew,^8XfhugFjlmjtZ\^].f\gnjtdep\gndiydnj~w0mu Lh>hQsh£ymq|lo\^|mu 
PA  YZ\^8mq|l^] p\|lmkFd v ^Isq^8o\^|ldiyhugegew	hqstwF]_prjtmqjtdiy^8Xf\dekhuge^oXjlsmq hqgngÝjlZ\^,^deq^8oFPhqgnf^8s*mu 
Aε
¥
- $/!%,6 % [¸mqostd v ^| Aε = Aε,0 − X d v  huo v
Aε,0 =


b11 b12 b13
b21 b22ε b23ε
b31 b32ε b33ε

 ,
Z^|l^
bij ∈ C
¥
¿¡ÀÁ@¿ÃÂ
 	
 "!#$"%&(')*,+-%()!./012!#34%(52
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YZ^hQststmrydihkjl^ v ]deor§9p\gefs]hkjt|ldnzpA^8oydeghqo v y%Zhu|%hqyjt^|ldis~jldeypAmQgnwFo\mQ]dihug´ ¡foy®jldnmQo0hq|t^
A =


0 ⊕ X 0 0
0 1 ⊕ X 1
0 1 1 ⊕ X

 , P̂A(x) = (x ⊕ 0)
2(x ⊕ 1) ,
stm,jlZhkjjlZ\^ymq|lo\^|%shq|t^
γ1 = γ2 = 0  dnjtZ]f\gnjtdep\gedeyd­j~w 2  huo v γ3 = 1  d­jlZ£]fg­jldnp\gediydnj~w 1 ¥  ^H |lsxj¸ymQostd v ^8|jlZ\^ymq|lo\^|
γ = 0
¥DYZ\^8o
U = V = (0, 0, 0)
wFde^g v s*h»1f\oQhu|ldihuo_phude|WdnjtZ£|l^8stp6^8y®j
jlmjtZ\^,]hkjl|tdnz
Â(0) =


001 00 00
00 01 1
00 1 01

 ,
Z^|l^,¸^h v mqprjjtZ\^, ¡mQgngemkdeo\ymqoFQ^oXjtdemqojtmFdisxfAhugedn¢8^jtZ\^ v dnQ|lhqp\Zsbrhuj
k(U, V )
huo>hu|%y
(i, j)6^gemqoQsjlmbrhkj
k(U, V )
dn 
k
despfrjhqshsxf\Asty|tdeprjmq jlZ\^^oXjl|tw
Âij(0)
¥\mq|deosxjlhqoy^  Â11(0) =
0  huo v (1, 1) A^8gnmQo\QsAmqjtZ-jlm(brhuj 0(U, V ) huo v brhuj 1(U, V ) ¥ JoXjt|ldn^IsdnjtZmqfrj_sxf\Asty|tdeprjls  gndFOq^
Â23(0) = 1  ymq|l|l^8stpAmQo v jlm0hq|ly8s Z\dey%Z v m0o\mqjA^8gnmQo\jtmTbrhkj (U, V ) ¥£YZ^^8dnQ^oFkhugef\^8s mq ¸jlZ\^hqfrzrdngedihu|lwpA^8oydeg
a(0)
hq|t^jtZ\^,|lmFmuj%smu 
det


b11 − λ b12 b13
b21 −λ 0
b31 0 −λ

 = λ(−λ2 + λb11 + b12b21 + b31b31) = 0 .
YZ^mq|l^]#p\|l^ v diy®j%sjlZhkjjtZdes^8XfhujtdemqoºZhqs   ¡mq|q^8o\^|ldiy£khugef\^8smq 1jtZ\^0phq|lhq]_^jt^8|ls bij  j~*momqor§9¢^8|tm.|tmFmuj%s  λ1, λ2  Z\diy%ZwFdn^8g v sWj~*m^deq^oFkhugef\^Is¸mq  Aε  Lε,m ∼ λmε0 = λm   ¡mQ| m = 1, 2 ¥[¸mQostd v ^8| H oAhugegnwjlZ\^*ymq|lo\^|
γ = 1
¥  ^*y8huo,j%h/OQ^
U = (0, 1, 1)  V = (−1, 0, 0)  huo v jtZ\^*p\|l^FdnmQfsymq]_p\frj%hkjldnmQosA^IymQ]^
Â(1) =


0 00 00
00 101 10
00 10 101

 , det


0 b12 b13
b21 b22 − λ b23
b31 b31 b33 − λ

 = 0 .
YZ^¸gihkjl^8sxj^IQfAhkjtdemqo.wFdn^8g v s
λ(b12b21+b13b31)+b12b23b31+b13b32b21−b21b12b33−b31b13b22 = 0
¥
YZ^mq|l^] p\|l^ v deyjlsjtZhujjtZdes^8Xfhujtdemqo>ZhQs1q^8o\^|ldiyhugegew	h£fo\deXf\^.o\mqo¢^|lm|lmXmqj  λ1  huo v jlZhkjjlZ\^|l^desh.|lhqoy%Z
Lε,1 ∼ λ1ε
¥
ashj~wXpdey8hug\hupp\gndiyhujtdemqomu ´YZ\^mQ|t^8]   ge^jfAsymQosxd v ^8|jlZ\^ ¡mqgegemkdno\stdno\Qf\gihu|Dp6^|tjtf\|lhkjldnmQomq hqo"hko\^>p6^oydng  Aε = εX2m + Xc + k  hqgn|l^8h v w©ymQosxd v ^8|t^ v deo P ¹ hk}xQ1T¦¥ \mq|o\mqor§9¢^8|tmkhqgnf\^Is£mq jtZ\^¨^oXjt|lde^8s£mq jtZ^]hkjl|tdiy^Is
m, c  hqo v k  jtZ\^(hqslsxmrydihkjl^ v ]_deor§¦pgnfsy%Zhq|lhQy®jt^8|tdisxjtdiyp6mqgewFo\mq]_dihug ¡f\oy®jldnmQo½dis
P̂A(x) = (0 ⊕ x)
n(0 ⊕ 1x)n
¥ >mQ|t^8mkq^8|  jtZ\^¨pA^8oydegis Xc + k huo v
Xm + c
q^8o\^|ldey8hugegnwKAmqjtZ ZhPq^
n
H o\dnjt^o\mqor§9¢^8|tm(^deq^8oFPhqgnf^8s  v ^8o\mujl^ v Fw λ1, . . . , λn  huo v
µ1, . . . , µn  |t^Isxp6^8yjtdeq^gewq¥ YZ\^o  d­jdes^8hQsxw	jtm v ^8|tdeq^, ¡|lmq]¯YZ\^8mq|l^]ªjlZhkjjtZ\^p6^oydng Aε Zhqs
n
^deq^8oFPhqgnf^8s
Lε,i ∼ λiε
0  huo v n ^deq^8oXkhqgnf\^Is Lε,i ∼ µiε−1 ¥c[¸mQostd v ^8|o\mk jtZ\^ ¡mQgngemkdnoomqor§Q^o\^8|tdiysxdnjtfhujtdemqo@¥.aslstf\]_^.jlZhkjjlZ\^pA^8oydeg
cX + k
disqdeq^8o  jtZhujd­j,dis|t^8qf\gihu|  huo v jtZAhkjdnjls ^de^|%sxjt|%hqsls´o\mq|l]hugP ¡mq|l] ymq]_p\|ldest^8s
q0  
mq| v huo \gemFyOrs6 ¡mQ|ÝjtZ\^W^deq^oFkhugef\^
0  dnjtZ,|l^8stpA^Iy®jtdeq^stde¢^8s
s10, . . . , s
q0
0  huo v q∞   mQ| v hqoT\gemryOFs ¡mq| jlZ\^_^deq^oFkhugef\^ ∞  dnjtZ(|l^8stpA^Iy®jtdeq^sxde¢^Is s1∞, . . . , sq∞∞ ¥ ^st^j
d0 = s
1
0 + · · · + s
q0
0  d∞ = s1∞ + · · · + sq∞∞ ¥  ^hqgestm v ^omujt^Xw q′0 jlZ\^oFf\].A^8|1mu <mqo\^v dn]_^oAsxdemqohqg
 
mQ| v hqo\gemryOrs ¡mQ|<jtZ\^^8dnQ^oFkhugef\^
0
mq jtZ^pA^8oydeg
cX +k
¥  ^ v ^8o\mujl^*Fw
λ1, . . . , λrjlZ\^ H o\d­jl^o\mQor§9¢^|lm^deq^8oFPhqgnf^8s1mq 
cX + k
¡mq Wymqf|lst^  r + d0 + d∞ = n ®¥  ^.hqgestm v ^8o\mujl^Fw
µ1, . . . , µt
jlZ\^ H o\d­jl^o\mQor§9¢^|lm^deq^8oFPhqgnf^8smq DjtZ\^.pA^8oydeg
Xm + c
¥  ^.slhPw£jtZAhkj hqo>^deq^8oXkhqgnf\^
Lε
disj  U+C
εΛ
dn 
Lε ∼ λε
Λ   ¡mQ|Wstmq]_^ λ ∈ C\{0} ¥YZ\^ ¡mQgngemkdeo\,|t^Isxfg­j¸stZ\mQf\g v 6^ymq]_phu|l^ vdnjtZ P ¹ hu}xq1T  Z\^|l^phu|tjtdihugÝ|l^8stf\gnjlshq|t^mq\jlhudeo\^ v deo>hstde]degihu|1std­jlfhkjldnmQo@¥
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Aε = εX
2m + Xc + k
1c%(55'Nk
i % r  /U+2 ε0   	' 'pCxU%&'p)kro λi  i = 1, . . . , r 

ii % t x/U+2 ε−1   	' 5U%&'p)kmq	)F3L  µiε−1 / i = 1, . . . , t %
 1L61
iii % 2q0 − q′0 C"+2')kYq/`odU %
\),)k /xC('#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!# 
mij


 &/1
t = n − q∞
j(+^ j%&(')
Aε1G%(55'Nk
iv % si∞ + 1 C U+C ε−1/(si∞+1) / i = 1, . . . , q∞ 

v % si0 − 2 31/x5+2 ε1/(si0−2) xk i '^  1 ≤ i ≤ r (+ si0 > 2 %
[¸mQ|tmQgngihu|lw£p\|lmkFd v ^Is   ¡mq|Q^o\^8|tdiykhugef\^8sDmq  m  jtZ\^gn^Ih v deo\,^zrp6mqo\^8oXjlsDmq Ýhqgng\jtZ\^1^8dnQ^oFkhugef\^8smq \jtZ^¸p6^oydng
Aε
¥  ßo_yhQsx^Is
iv v  jtZ\^*q^8o\^|ldeyWkhugef\^8s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hqyXf\^Is @mQdest^8hqf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